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$K$-theoretic analogue of Schur’s $Q$-functions and
isotropic Grassmannians
( ), ( )
Abstract. Grassmann Grothendieck Schubert
. ,




Schur $Q$ 2 . ,
:
$\bullet$ Schur (1911): “spin ” $Q_{\lambda}(x)$ .
$\lambda=(\lambda_{1}>\cdots>\lambda_{r}>0)$ : strict partition ( )
$\bullet$ Pragacz (1990): Lagrangian Grassmannian Schubert $\sigma_{\lambda}$ $Q_{\lambda}(x)$
.
, Schur $s_{\lambda}(x)$ Grassmannian Schubert
. , $Q$ $K$
.
$A$ *1 . Grassmannian Schubert




, Buch [B] . $G_{\lambda}(x)$
. [B] .
$*1$ Grassmann $GL_{n}(\mathbb{C})$ A . Lagrangian
Grassmannian symplectic $Sp(2n,$ $\mathbb{C})$ , $C_{n}^{\gamma}$ .
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Lagrangian Grassmannian Schubert .
, $G$ $\mathbb{C}$ . Borel $B$
$T$ $G\supset B\supset T$ . $P$ $B$ .
$GP$ $T$ Grothendieck $K_{T}(G/P)$
. Weyl $W$ , $P$ $W_{P}$ . Schubert
$W/W_{P}$ .
$C_{n}$ Dynkin Weyl :
$\overline{s_{0}s_{1}s_{2}}$. . . $s_{n-1}$
Weyl $W=W(C_{n})$ $\{$ 1, $\ldots,$ $n,\overline{n},$ $\ldots$ , 1 $\}$ $w$ $w(\overline{i})=\overline{w(i)}$
. $s_{0}$ 1 $\overline{1}$ , si $(1 \leq i\leq n-1)$ $i$ $i+1$ ,
7 $\overline{i+1}$ , .
$P$ $W_{P}=\langle s_{1},$
$\ldots,$
$s_{n-1}\rangle\cong S_{n}$ ( $n$ ) $*$ 2 .
$G/P$ Lagrangian Grassmannian
$GP=LG(n)$ $:=$ { $V\subset \mathbb{C}^{2n}|\dim V=n,$ $V$ is isotropic w.r. $t.\langle,$ $\rangle$ }
. $\langle$ , $\}$ $\mathbb{C}^{2n}$ skew symmetric form .
coset $uW_{P}(u\in W)$ “ ” . $W$
$\ell$ $W^{P}$ $:=\{w\in W|\ell(ws_{i})=\ell(w)+1(1\leq i\leq n-1)\}$
$W^{P}\cong W/W_{P}$ ( ) . $\lambda=(n\geq\lambda_{1}>\cdots>\lambda_{r}>0)$ strict partition
$W^{P}$ .
$*2$ Dynkin ( $s_{0}$ ) .
11
$\lambda=(4,2,1)$ , . Shifted Young




$*$ 3 $( \frac{1}{4}$ $\frac{2}{2}$ $\frac{3}{1}$ $43$ $55$ $66$
$\ldots$
$nn)$
, strict partition $\lambda=(4,2,1)$ .
$\lambda=(n\geq\lambda_{1}>\cdots>\lambda_{r}>0)$ Schubert :
$X_{\lambda}=\{V\in LG(n)|\dim(V\cap F_{n+}i_{-\lambda_{i}})\geq i(\forall i)\}$.
$0\subset F_{1}\subset\cdots F_{n}\subset F_{n+1}\subset\cdots\subset F_{2n}=\mathbb{C}^{2n}$
$\mathbb{C}^{2n}$ $F_{n+i}=F_{n-i}^{\perp}:=\{v\in \mathbb{C}^{2n}|\langle v, u\rangle=0(\forall u\in F_{n-i})\}$
. $F_{n}$ Lagrangian .
3 $GQ_{\lambda}(x)$
.
$\beta$ $x\oplus y=x+y+\beta xy$ . ( ) $b_{1},$ $b_{2},$ $\ldots$
, $k$
$[x|b]^{k}=(x\oplus x)(x\oplus b_{1})\cdots(x\oplus b_{k-1})$
. $b_{i}$ $T$- $K$
. $b_{i}$ $K$ .
$\lambda=(\lambda_{1}>\cdots>\lambda_{r}>0)$ $\ell(\lambda)=r$








. $x=(x_{1}, \ldots, x_{n})$ $n$ .
$x\ominus y=(x-y)/(1+\beta y)$ . $(x\ominus y)\oplus y=x$ .
. $\beta=0,$ $b_{i}=0(\forall i)$ $GQ_{\lambda}(x|b)$ $Q_{\lambda}(x)$ .
1 $([$IN$])$ . $\beta=-1,$ $b_{i}=1-e^{\epsilon_{i}}$ $GQ_{\lambda}(x|b)$ $[\mathcal{O}_{X_{\lambda}}]\tau\in K_{T}(LG(n))$
“ ” . , : $\mu$ $T$ $e_{\mu}\in LG(n)$
$\iota_{\mu}$ : $e_{\mu}arrow LG(n)$ :
$GQ_{\lambda}(\ominus b_{\mu_{1}}, \ldots, \ominus b_{\mu_{r}}, 0, \ldots, 0|b)=\iota_{\mu}^{*}([\mathcal{O}_{X_{\lambda}}]_{T})\in K_{T}(e_{\mu})$ .
$\ominus b=0\ominus b$ , $n$ $n-r$ $0$ . . $K_{T}(e_{\mu})$
$T$ $R(T)=\mathbb{Z}[e^{\pm\epsilon_{1}}, \ldots, e^{\pm\epsilon_{n}}]$ .
. $T$- $K$ $K_{T}(LG(n))$ $*$ 4 $[\mathcal{O}_{X_{\lambda}}]_{T}$




. $A$ McNamara [M] “Factorial Grothendieck ”





$\mathbb{P}=\{1,2, \ldots, n\}$ prime $\mathbb{P}’=\{1’, 2’, \ldots, n’\}$
. $\mathbb{X}=\mathbb{P}\cup \mathbb{P}’$ , $1’<1<2’<2<\cdots<n’<n$ . $\lambda$ ,
shifted Young . $(i,j)$
$i$ , $j$ . Young $i$
$(i, i)$ shift shifted Young
$*4X_{\lambda}$ $T$ stable $\mathcal{O}_{X_{\lambda}}$ $\Gamma l\cdot$, .
13
( ). $(i, j)$ $\mathbb{X}$ $T(i, j)$ .
$a\in A,$ $b\in B$ $a\leq b$ $A\leq B$ . $T$ $\lambda$
:
(1) $T(i, j)\leq T(i,j+1)$ , $T(i, j)\leq T(i+1,j)$ ,
(2) ’ $\in \mathbb{P}$’ 1 , $k\in \mathbb{P}$ 1 .
$\lambda$
$\mathcal{T}(\lambda)$ .
$T\in \mathcal{T}(\lambda)$ $k$ $k$ ’ $m_{k}(T)$ $x=(x_{1}, x_{2}, \ldots)$
$x^{T}=x_{1}^{m_{1}(T)}\cdots x_{n}^{m_{n}(T)}$ . $\lambda=(3,2)$
:
$x^{T}=x_{1}^{3}x_{2}^{4}x_{3}^{3}x_{4}$




$|T|$ $T$ , $|\lambda|$ strict partition $\sum_{i}\lambda_{i}$ .
. $b_{i}$
([IN]). , .
$x$ $x=(x_{1}, \ldots, x_{n})$ $n$ , $x_{1},$ $x_{2},$ $x_{3},$ $\ldots$
. , $GQ_{\lambda}(x)$ ,




$(1+\beta GQ_{1}(x))\cdot GQ_{\lambda}(x)=$ $\sum$ $\sum\beta^{|\nu|-|\mu|}GQ_{\nu}(x)$ .
$\lambda\Rightarrow\mu,$ $\ell(\lambda)=\ell(\mu)\mu\Rightarrow\nu$
. $(1+\beta GQ_{1})GQ_{2}=GQ_{2}+2GQ_{3}+GQ_{2,1}+2\beta GQ_{3,1}+\beta GQ_{4}+\beta^{2}GQ_{4,1}$ .
14
. , ( /JST CREST)
, $GQ_{k}(x)\cdot GQ_{\lambda}(x)$ (2010 1
). , $T$ $\mathbb{X}$ $X$
$Tarrow X$ Robinson-Schensted .
. , $b$ $GQ_{\lambda}(x|b)$ ,
.
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